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RESEARCHMEMORANDUM

A SEMIGRAPHICALMETHODFORTHEDEZERMIXATI~

OFTEEROLLINGCHARACTERISTICSOF

ROILJ3RON-EQU12PEDMISSILES

ByMartinL.Nason

SUMMARY

A semigraphicalanalysismethodhasbeendevisedto evaluatethe
●

effectivenessanddynsmi.cstabilityofrolleronroll-ratedamperson
missileconfigurations.Thenecessarycharts,equations,smdtheanal-

U ysisprocedurehavebeenpresented.Thegreatestutilityofthesecharts
andofthemethodoutlinedisthat,oncea pointonthechartshasbeen
establishedata givenflightcondition,iftheresponseisnotaccept-
ablethenthenecessarymodificationstotheparametersofthesystem
arereadilyseen.

12711RODUCTION

Present-daymissileconfigurationspossess,ingeneral,inherently
lowaeroCQmamicrolldamping.Thisisa consequenceofthepredominance
of low-aspect-ratioliftingsurfaces,whicharetheprimarysourceof
aero@namicrolldampingon conventionalmissiles.Rollingmoments
causedby liftingsurfacemlsalinementsaswellas conibinedanglesof
attackandsideslipmaybe of appreciablemagnitude,and,as a result,
rollingvelocitiesareoftenproducedwhicharewellabovethemaximum
allowedby themissileguidancesystem.A commonsolutionofthisprob-
lemisto tistallinthemissile.a servomechanismsystemwhichsenses
rollrateandfurnishesa signalto a servowhichactuatesan aileronin
thepropermannerto opposetherollingmotion.Thecomponentsforthis
rollcontrolsystem,unfortunately,requiremissilespaceandtheunavoid-
ablecomplexityoftherategym tendsto reducetheoverall.reliability
ofthemissile.An urgentneedthereforeexistsfora purelyaeronechan-
icalrolldsmperutilizingno internalmissilecomponents.*

Inreference1 an smalysisandflighttestofa mechsmicallysimple
. rolldamperisdescribed.Ihorderto exploretheap@icabilityofthis .
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“

typeofdamperon othermissileconfigurations,an extensionandgeneral-
izationoftheanalysisreportedthereinhasbeenperformedandisreported
inthispaper.Designchartsfromwhichthestaticanddynamiccharacter- .
isticsoftherollmodecanbe obtainedarepresented.No attempthas
beenmade,herein,to analyzeanyoneparticularmissilecompletelywith
respectto therelativeimportanceoftheairfrsmeandcontrolsurface
parametersinvolved.Ratherjequationsandchartsarepresentedto facil-
itateandexpeditethe~alysis,design,andinstallationofthistypeof
rolldamperonmissilesingeneral.An exampleoftheuseofthesedesign
chartsisincludedforoneparticularmissileconfi~ation.

SYMBOLS

A normalizedcoefficientof

B normalizedcoefficientof

b wingspan,f%

Ch hinge-momentcoefficient,

characteristic

characteristic

L.
C2 rolling-momentcoefficient,—

qsb

%. externalrolling-momentcoefficient

—

equation

equation —
*

w“-.

ac!~cz~= ~ perradian(appliesto onlyonesurface)

D nondimensionaldifferentialoperator,~d
z“

.—

L

.
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F conversionfactor
*

H hingemoment,ft-lb

IG momentof inertiaofgyrowheelaboutspinaxis,,slug-ft2

Ip rolleronproductof inertia,
J

Uv m, Slug-fta
Control
surface

1~ momentof inertiaofrolleronabouthingeline,slug-ft2

IR
c ‘lR-~

s IX momentof inertiaofmissileabout

z,j,ii unitvectors along theX-,Y-,and
.

k=

L

M

m

%

n

P

q

s

s

. T

u

longitudinalsxis,slug-f+

Z-axes,respectively
(orthogonalvectors)

I
lRlRC

rol13ngmoment,ft-lb

Machnumber

massofrolleron,slugs

massofrolleron~ wheel,slugs

nuuiberofrolleronson

differentialoperator,

dynsmicpressure,lb/sqft

totalwingareainoneplane,sqft

nondhnensionaldifferentialoperator,D~

timeconstant, b—, sec
VW
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*
distancemeasuredfromhingeline,ft

missilevelocity,ft/sec

distancemeasuredfromlongitudinalaxis,f%

realrootsofnormalizedcharacteristicequation

control-surfaceangulardeflection,radians

dsmpingratioofa quadraticfactor

densityofair,sl&s/cuft

sea-levelairdensity,0.0023@slug/cuft

air-densityratio,P/P.

missile.rollangle,radians

realrooksof characteristicequation —

nondimensionalundampednaturalfrequency

gyro-wheelangularvelocity,radians/see

undsmpednaturalfrequency,radians/see

=.
.

._

-.

Subscript: —

Ss steadystate

ROLLERONOPERATINGl?KfNCIPLE

A diagrammaticsketchoftherolldamperis showninfigure1. The
rollcontrolsurfaceismountedonthewingtipandishingedforwardof
thecenterofpressuretoproducestablehinge-momentcharacteristics.
A gyrowheelisenclosedwithinthecontrolsurfacewithitsspinaxis
perpendiculartotheplaneofthecontrolsurface.Becauseoftheangu-
larvelocityofthegyrowheel~, precessionalhingemomentswillact _
onthecontrolsurfacewheneverthemissilehasa rollingvelocity~.
Forthearrangementsketched,thecontrol-surfacedeflection,causedby ,
theprecessionalhingemoment,generatesan aero@mmicrollingmoment
onthemissileoppositetotheassumeddirectionofrollvelocity.Thus, *.

x!
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resistanceto rollingisgeneratedandtherolldampingofthemissile
hasbqenincreased.Theadoptednameforthisrolldsmperisrolleron
andwillbe usedfortheremainderofthisreport. .

Onlyonerolleronis indicatedinthesketch;however,fromlongi-
tudinalcou~lingconsiderationspairsof symmetricallylocatedrollerons
maybe necessaryorperhapsdesirable.It shouldbenotedthatthisroll-
controlsystmdoesnot protidea roll-positionreferenceandwillnot
givezerorollrateinthepresenceofany
longitudinalaxisofthemissile.

sustainedmomentaboutthe

ANALYSIS

Intheanalysisto follow,linearizedequationsareusedthroughout.
Onlytherollingmotionis considered.Thissimplificationis justified
onthebasisoftheresultsreportedinreference1 inwhicha similar
analysiswasperformedona specificmissileandrollstabilitywaspre-
dictedandexpertientallyconfirmedinthepresence
yawingoscillations.

Ifnopitchingor

Equations

yawingmotion

ofMotion

ofthemissile
rolleronsaremountedonthemissile,”thefollowing

Forthemissile:

Fortherolleron:

ofpitchingand

isassumedandif n
equationsarevalid:

(1)

(2)

Equation(1)isobtainedby smmningmomentsaboutthelongitudinal
axisofthemissileandcontains,inadditiontotheconventionalaero-
dynamicsndtiertiaterms

(
Czp, C15,and

)
Ix , therolleronproduct

of inertia1P andtherolleronwheelgyroscopicterm 1~. Equation
(2)isderivedby sting momentsabouttherolleronhingelineand
appliesto anyoneofthe n rolleronssinceeachisundergoinga simi-
larmotion.Thesecondequationcontainstheconventionalaerodynamic
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hinge-momentpar8J.UeterChaandinefiiaparameterIR. Thethree

remain+ngterms I@+, lP,and (!h:aretherollerongyroscopicterm,

therolleronproductof inertia,andthecontrol-surfacedsmpingparsm-
eter,respectively.(Thederivationoftherol.lerongyroscopichinge
momentsispresentedin appendixA.)

Theequationsofmotioncanbeplacedintoa moreusefulformby
nondimensionalizingthetimescaleandby consideringtherolleronproduct
of inertiaasa modificationoftherol.leronFmmentofinertia.See
appendixB. Thus,by lettingthedifferentialoperatorD = ‘I@&where

T=~
IR

VW ‘d ‘sO by lett@ k = ~
where IRC isthemodifiedroll-

eronmomentof inertia,theequationsofmotionbecome_ .—

where

(D-z’J!+D2+2@+25)n5=f (3)

●

—

—

—.

(-%D + k,I.)@+(kD2-hvD- h~)b= O (4) “

1P
hu=—

IRc

()
2P=~ PO=3

2 — c%21X

(5)

(6) __

(7)

(8)

(9)

.
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and

IP2
IRC‘IR-n —

Ix
(13)

The ratio T5 isplottedinfigure2 as a functionofMachnumber

andaltitudeand ~ isplottedinfigure3 as a functionofaltitude.

DynsmicCharacteristics

Theoscillatorycharacteristicsoftherolleronsystemaredetermined
by examinationoftherootsofthecharacteristicequationdefinedbythe
simultaneousequations(3) and(4). Thecharacteristicequationisgiven
as follows:

@+al D2+~D+a3=0 (14)

Equation(14)canbereducedto theform

S3+&+BS+l=O (15)

by replacingthedifferentialoperatorD by Fs where

al
A=7=

-~ - klp
F

(16)

(17)

(18)
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Inorderto showtherelationshipbetweenthenormalizedcoeffi-
cients.A and.B andthesystemaerodynamicandinertiaparameters
definedbyequations(~)to (11),twoseriesof chartswerepreparedand

R

arepresentedinfigures4 ands,respectively.Theproceduresforreading
thesechartsaresimilar.Thesechartsallowequations_ and(18) to
be visualizedgraphicallyandrevealtherelativecontributionofthe
variousparametersofthesystemonthenormalizedcoefficientsA and”B.

Theprocedureforreadingthe A coefficientchart(seesketch)is
as follows:

\\

Whenthefourparameters~, ktp, h52p,and *25 havebeencalcu-
lated,thenthedashedlinesindicatedareconstructedcintheplotsand
theirintersectiondeterminesthevalueof A. By followingthedashed
linehorizontallytotherightfromthecorrect~Zb contourline,
thevalueof T isalsogiven;F isusedlaterasa conversionfactor
to obtainthecorrecttimescale.

Therootsof equation(15)thatareof interestfallintotwogroups
dependingonthevaluesof A and B. Theseareasfollows:

GroupI (onerealamdtwocomplexroots(~<1)):

.-

.-

1(.;)2;0 ‘ ‘“ (19) “ “-.—
.



NACARM L56112 3xwEgag@#
‘z

Group11 (threerealroots):

~++(’+%)k+%)=o(20)

ForgroupII,

.

9

By settingequations(19) and(20)equalto equation(15)andeqmting
correspondingcoefficients,thefollowingequationscanbe obtained:

ForgroupI (O<! <1),

B=(u’)2+#

(21)

(22)

( )A=~+~+~
%%?

(23)

(24)

TheregionsintheA-BplanewheretherootsrepresentedbygroupsI
and11 existaresketchedinfigure6 fora limitedrangeofA andB.
OnlythefirstquadrantwhereA andB arebothpositiveis shown,since
wheneitherA orB isnegativea dynsnicinstabilityexistsandthis
regionisofno interest.Theoscillatorystabilityboundaryislocated
wheretheproductofA andB isequaltounityorwherethedamping
ratio ~ isequalto zero.Theboundaryseparatingtheregionswhere
rootsdefinedbygroupsI andII existisobtainedby setting~ equal
tounityinequations(21)and(22).Thisboundaryisfan-shapedandis
symmetricallylocatedinthepositiveA-Bplme. Thepotit A=B=3
correspondstothesituationwherethenormalizedcubicequationpossesses
threerealandequalroots.

Thismethodof solvingthecubicequationwasreportedinreference2
andthetreatmenthereis similarexceptforthedescriptionoftheregion
intheA-Bplaneoccupiedbyrootscorrespondingto groupII. Theauibi-
guityencounteredinreference2 iseliminatedby utilizingequation(20)
ratherthanequation(19)to representtherootsforgrouy11.

Plotsof A againstB forconstantvaluesof ~, u’,~, and ~
. canbe constructedusingeqwtions(21)to (24).Thesechartsareshown

infigures7 and8 for 0< A< 28 and O <B < 202for groupsI and11,
respectively.ForgroupIIthe ~ and ~a2 contourswereplotted

%~
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9

ratherthanthe ~ and ~ contoursbecausethe ~ and ~~ con-
toursintersectoneanotheratnearlyrightanglesandbetterdefinition ~
ofthe-regionisachieved.

StaticCharacteristics —

Solvingequations(3)and(4)forthesteady-statevaluesof D@
and 8 to a constantinputf leadsto

or

and

()5 ht.--
f

Ss ‘hbZp+ nhJ8

(25)

(26)

—

(27) .

By inspectingequation(26), theadditionalincreaseinmissile
steady-stateroll-ing contributedby therolleron~becomesapparent”,
Theinherentaerodynamicrolldampingofthemissileisproportional

to Zp andtherolleroncontributionisproportionalto nh& *en
~“

therolleronwheelisnotrotating,~ isequalto firoandno addi~
tionaldampingispresent.

Equations(25)snd(27)aresolvedgraphicallytifigure9. The

()
procedureforfinding- ~

()@ss ‘d -:ss
is shownbythedashedlines

inthefollowingsketchoftherolleronsteady-state&art:
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-hb

ConversiontoReal

Becauseofthenondhnensionalizingtechniquesemployed,thedynsmic
andstaticcharacteristicsobtainedfromthechartssreina dhension-
lesstimescale.Conversionto realtimemaybe accoruplishedbymulti-
plicationofthetimeconstsmtsandnaturalfrequenciesinvolvedbythe
appropriatefactors.

.

%)

Time

the

For

Eynszuiccharacteristics.-The

differentialoperatorp = ~

group1,

where

Forgroup11,

systemcharacteristiceqyationwith

isas follows:

F+’l)@ )2+2tJ4@+u# =0

()~ 1 -1‘1 = T (CIM’‘ec

(p+ Tl)(p+T2)(P+T3) =0

&kW@@-

(28)

(a)

(30)

(31)
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where

time
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8

T1 . ()F -1~ ~, sec (32) ‘

T2=
()
E -1T %} ‘ec (33)

()
$ &, -1‘3 = sec (34)

Since ~ isa nondimensionalratioanddoesnotfnvolvethe, no
conversionisrequired. .

Staticcharacteristics.-Thesteady-stateequationsareobtainedby
multiplyingequations(25)and(27)by thecorrectconversionfactors_as
follows:”

(35)

.

.

and

-(%),6=(!’)[WJ (36)

RESULTSANDDISCUSSION,

FromtheresultsoftheprecedinganalYsfssection~a se~~aphical _
procedurecanbe formulatedwhichwillreducetheanalysistimerequired
to study thefeasibilityoftheinstallationofrolleronsona specific
missiledesign.TMs graphicalmethodtobe outlinedfurnishesa con=
siderableamountof informationconcerning‘thedynamicstabilityandthe
roll

Step

Step

dampingcontributionofa givenmiss~le-rol~eronconfiguration.

Thefollowingstepsarerequiredforthismethod:

1: Tabulatethemissileandrol.lerongeometricalandinertiacharac-
teristicsS, b, Ix> IG> IRCJ k} and ~p.

2: DecideontheMachnuniberandaltitude
andthendetermineT and ~ from

. —
conditionstobe studied
figures2 and3. .
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Step3:

Step4:

Step5:

Step6:

Step7:

Step8:

Step9:

The

13

Estimatetheaerodynamiccoefficientschb~ czp~ CZ5>
and Ch& andtherollerongyro-wheelangularvelocity~.

Compute~, h~, ~ hu, z??) 25,and 20 by usingequa-
tions(5)to (11).

Fromfigures4 and5 determinethevaluesof A, B, and F.
Checktheproductof A and B smdifthevalueisless
thanunitythesystemwillrequiremodification.

Fromeitherfigure7 or8 (dependingonthevaluesof A and B),
determinethedimensionlessfactorsofthenormalizedcharac-
teristicequation.

Convertthedimensionlessfactorsto realtimeusingeqqa-
tions(2g)and(3o)or equations(32),(33),and(34).

(3)Franfigure9, determinethestaticcharacteristics- f
Ss

Convertthestaticcharacteristicsto a moreusefulformbvuse
ofequations(35)

foregoingprocedure
individualparameter
steps.Thisfeature

changes
willbe

and(36).
.

is quitefl-ibleinthattheeffectof
doesnotrequirea
broughtoutinthe

reiterationofallnine
followingexsn@e.

Example

b orderto illustratetheuseofthecharts,a tmica.1uroblemwill
be solved.Theconfigurationreportedinreferen;e1 ~= chos~nasthe
missiletobe analyzed.Thestepsinthedesignproceduregivethefol-
lowingresultswhenfourrolleronsareinstalledandthecontrolsurface
dszupingis assumedtobe equalto zero:

Step1:

S = 2.73sqft

b =1.73 ft

IX = 0.299Shl&ft2
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Step1 - Continued:

Step2:

Step3:

IG = 0.000201Slug-fta

IRC= 0.000581shw-ft2

k= 1.21

1P= 0.0031Sh.@t2

NACARML561L2

.-

M= 200

Altitude= 20,000ft

T = 0.001L5see, ,

$=0.73 ‘“

c~b = -0.00324,perradian

c~p= -0.282,perradism

%8 = 0.0204,perradism

Step4:

hv=O

hb = -0.0942

h(Jj= o*159

hu = 5.34

~ = 400radians/see

-kZp= 0.00695

hblp= 0.000541

*28 = 0.000719

-hb- n&Z5 = 0.0701

,

—
-.

--

—

—.

.

—
—..

,
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Step4 - Continued:

2p= -0,00574 hvzp+ ~Zu = 0.000196

z~ = o*oaL13

2(JJ= 0.000308

Step5:

A = 0.0643 B = 8.1
AB= o.521 F = 0.1C8

Notehere”thattheproductof A and B islessthanunitywhich
correspondstotheregionintheA-Bplsmewherea dynamicinstability
exists. Therefore,thereisno reasontoproceedanyfurtherwithout
modifyingtherolleronsystem.A possiblemodificationtothesystem
wouldbe to introducecontrol-surfacedsmpingabouttheroll.eronhinge
line.Repeatingstep5 for ~ = -0.5 gives

Step5:

A= 4.6g B = 8.35

AB = 39.2 F = 0.108

Step6:.

Step7:

~ = 0.82 0’ = 2.77

71 = 12.2see-l-

K = 0.82

~ = 256radians/see

Step8:

()$Ss
= 0.0134

()
g
f Ss

= -126.2
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Step9:
M

—. ..—

r)Czo ~~
= -5.16 radians

—

Afterexperiencehasbeenacquiredwiththechartsandwiththe
missilebeinginvestigated,systematicsystemvariation_canbe tried
andanacceptabledesignfixestablished.

Thegreatestutilityofthesechartsandofthemethodoutlinedis
that,oncea pointintheA-Bplanehasbeenestablishedata given

.—

flightcondition,iftheresponseisnotacceptablethenthechangein
eitherA or B orbothwhichwillyieldanacceptableresponseis
readilyseen.Then,itisonlynecessaryto investigatethe A and B A
coefficientplotsto determinewhichparametersofthesystemmustbe
modifiedtomovethepointintheA-Bplanetothedesiredposition.

.-

Dependingupontheconfigurationunderinvestigation,differentparsm-
.

eterswillprobablybe critical.However,froma stu~ oftwomissile
configurations,itwasfoundnecessaryinbothcasesto-increaseA by-
increasingthesystemparsmeterhv toa degreewherethecontribution
of 2p to the A coefficientwasnegligible. —

CONCLUDINGREMARKS

A semigraphicalanalysismethodhasbeendevisedto evaluatethe
effectivenessanddynamicstabilityofrolleronroll-ratedxunperson
missileconfigurations.Thenecessarycharts,equations,andtheanal-
ysisprocedurehavebeenpresented.Thegreatestutilityofthese
chartsandofthemethodoutlinedIsthat,oncea pointonthecharts
hasbeenestablishedata givenflightcondition,ifthe”responseis
notacceptablethenthenecessarymodificationstothesystemparameters
arereadilyseen. —

Iar@eyAeronauticalLaboratory,
. —

NationalAdvisoryCommitteeforAeronautics,
LangleyField,Vs.,August23,1956,

,.

.
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APPENDIXA

ROIJ2ERONGIROSCOPICHINGEMOMENTS

Thevectore~ressionrelatingthegyroscopichingemoment~ to
themissileangularvelocity?& andtherolLerongyro-wheelangular
velocity‘~ is (seeref.3)as follows:

-~= I&x&+Ji& (Al)

where J isthemomentof inertiaofthegyrowheelaboutan axisnor-
maltothespinaxisand ~ isthemomentof inertiaofthegyrowheel
aboutthespinaxis. Theangularvelocityofthemissile~ isrep-
resentedby a vectorhavingthreecomponentabouttheX-,Y-,andZ-axes,
respectively.Thus,

(A2)

Thevectorexpressionfortheggro-wheelangularvelocityiireadily
foundoncethecontrol-surfaceangulardeflectionisknownandthegeo-
metricpositionofthewheelwithrespecttothesxissybtemis speci-
fied. Twocasesareconsideredhere: (1)rolleronscoincidentwith
theX-YandX-Zplanesand(2)rolleronsina 45°planebetweentheX-Y
andX-Zplanes.Thesetwocasesaresketchedforfourrollerons- des-
ignatedn = O, 1,2,and3:

-L

%n
I n=O

In=l

CaseI CaseII
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CaseI.- It canbe shownthatthegyro-wheel
tor ~ isgivenby thefollowingexpression:

NACARML56D2

#
.anguWrvelocityvec-

.

@n=
where n=O,
equation(Al)

1,2,and3. Substitutingequations(A2)and(A3)into
leadstothefollowingequation:

Thevector~n willnot,ingeneral,be

. .-
Jfi$i+ Jiij+ii$E (A4)

cotic~dentwiththehinge .

linejhowever,thescalarexpressionforthehingemcmentab_outthe
correctaxismaybe obtainedbytakingthedotproductof km intoa .

.- AA

unit vectorUn alongthehingeline:

(A5)

where

tin=‘Sill& + Cos9 (A6)

Therefore,

-% = %I%nl [~’n* Cos%J ‘-‘in%i)(-~n *) +
.-

(
-Cos=

2 )]
Cos5J - sin@(cos y +

‘;(-sin%)+WC”SY) (A7)
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Case11.-Forcase11}the~o-wheel angularvelocityvector
becomes.

4

.

z I 1[=Zil
Gn Gn

-sinEIJ+ Sin(al-1-1); %’]Cos Q -1-cos(2n+ 1)XCos -4

Substitutingequations(A2)ad (A7)intoequation(Al)yields

●1-

The

..- .*- ..-
J@j+ Jf3j+ J$k

dotproductof ~ n intoa unitvectoralongtherol.leron

hingelinegives

-%n‘%n“ [ 1
-cos(2n+ l)fj +sin(2n+ l)&

or

{
-%n=k %n-’os(~+ly [ 1cos(2n+-l)f Cos5.J+sin~; -1-

Sin(a-i-1); [ 1)
-Sin(al+l);cos5J - Siq; +
L

[ 1[J~ -cos(2n+l)~ +J~ sin(2n+

(A8)

(A9)

(Ale)

(All) ‘“

If itisassumedthatthemissileisundergoingnopi~ch~go:yaying
motionandthattherolleronisnotdeflected,then ~ = e = e = 4 = $ = O
andtheequationforthe~oscopic hingemomentforcasesI andIIbecome:

Forcase1,

-%n‘ q%n(-2 ~~-c0s2~ $) (A12)
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Forcase11,

I 1[
‘~n = IGan -COS2(2n+

Equations(A12)smd(A13)reduceto

%n=%

1)* -
1

sin2(2n+ 1)$

NACARM L56112

(A14)

Eqwtion(A14)implies,withtheassumptionofpurerollingmotion
andsmallcontrol-surfacedeflections,thatthegyroscopichingemoment
isindependentof itsorientation.Therefore,equation(A14)willapply
to anyoneoftherolleronsonthemissile. ..

.
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APPENDIXB

SIMWitl?ICATIONOFTBEEQJATIONSOFMOTIONFORTHEROIWZRONSYSTEM

Theequationsofmotion(eqs.(1)and(2)inthetext)ofthemis-
sileandrolleronC* inatIonareas follows:

Forthemissile,

-C&o (B2)

posb3
(Bl)and(B2) by —

21X
By lettingD = T & andmultiplyingequations

and Po~3— respectively,thefollowingequationsresuit:
~R ‘

(B3)

(*D+~)@+(~-~’D-h~)~=o‘B’)
where Zp2 2& Zaland f aredefinedby equations(9)to (12)and
where

()

p sb3
~’ .UL ~h:

2 21R

ha’=
()

posb3
— %1621R
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Thecharacteristicequationisthus:

where

Itwillnow
by motifyingthe

ao’~ + al’& + a2’D+ a3’= O

()()Ip IpaO:=l-n ——
Ix IR

NACARM L76~2

(B5)

(B6)

al’= -hv’- 2P (B7)

a2‘ = hvtzp-h~’ +~’~- ~ 28 (B8)

a3‘ =harzp+~’z~ (B9) ‘

be provedthatthe ao’ coefficientcanbe normalized
momentofinertiaIR ofthecontrolsurfacewithout

changingthevaluesoftherootsof equation(B5).Ifequation(B2)is

POS-IP
--

multipliedby — theequationsofmotionbecome
~Rc‘

(-~D+9@+(*&-hvD-h
Expandingthestabilitydeterminsmtby using
tions(B1O)and(Bll)leadsto thefollowing
equation:

aO@ + a1D2+ a2D+

where

a. 1 (.—IR-n
IRc

IRal=-hv-—
IRC

a3

(B1O)

(Bll)

thesimultaneousequa-
resultsforthefrequency

=0 (B12)

—

(B13)

(B14)

.

—

.

.
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(B15)

(B16)

IP2
men ~R isdefinedas IR - n —, it caneasilybe shownthat~. Ix

()IR— =1% = w’ ~Rc (B17)

()
.l=%!% (B18)

()

,IR
~’az~

(B19)

()

,IR
a3=a3K (B20)

or

()IR%1=%1’~ (n=O, 1, 2,3) (B21)

Sincea rational,algebraicpolynomialoftheformgivenbyequa-
tion(B5)canbemultipliedbya constantwithoutchangingthevalues
oftheroots,equation(B21)impliesthattherootsofequations(B12)

IR
and(B5)areidenticalinasMuchas ~ isa constsnt.
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